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Stochastic gradient complexity

Method Assumptions Batch Stochastic
Subgradient convex O(1/

√
k) O(1/

√
k)

Subgradient strongly cvx O(1/k) O(1/k)

So using stochastic subgradient, solve n times faster.

Method Assumptions Batch Stochastic
Gradient convex O(1/k) O(1/

√
k)

Gradient strongly cvx O((1− µ/L)k) O(1/k)

For smooth functions there’s a big gap!
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Stochastic vs. deterministic methods

Goal = best of both worlds: Linear rate with O(d) iteration cost
Simple choice of step size

time

lo
g(
ex
ce
ss

co
st
)

deterministic

stochastic
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Linearly convergent stochastic methods

Many related algorithms
SAG ?
SDCA ?
SVRG ??
MISO ?
Finito ?
SAGA ?
· · ·

Similar rates of convergence and iterations

– Different interpretations and proofs / proof lengths
– Lazy gradient evaluations
– Variance reduction
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Running-time comparisons (strongly-convex)

I Assumptions: f (x) = 1
n
∑n

i=1 fi(x)
– Each fi convex L-smooth and f is µ-strongly convex

Stochastic gradient descent d×
∣∣∣ L
µ × 1

ε

Gradient descent d×
∣∣∣n L
µ × log 1

ε

Accelerated gradient descent d×
∣∣∣n√ L

µ × log 1
ε

SAG/SVRG d×
∣∣∣(n + L

µ) × log 1
ε

I Beating lower bounds ??: with additional assumptions
(1) stochastic gradient: exponential rate for finite sums
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Running-time comparisons (non-strongly-convex)

I Assumptions: f (x) = 1
n
∑n

i=1 fi(x)
– Each fi convex L-smooth
– Ill conditioned problems: f may not be strongly-convex

Stochastic gradient descent d×
∣∣∣∣1/ε2

Gradient descent d×
∣∣∣∣n/ε

Accelerated gradient descent d×
∣∣∣∣n/√ε

SAG/SVRG d×
∣∣∣∣√n/ε

I Adaptivity to potentially hidden strong convexity
I No need to know the local/global strong-convexity constant
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Experimental results (logistic regression)

quantum dataset rcv1 dataset
(n = 50 000, d = 78) (n = 697 641, d = 47 236)
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Stochastic variance reduced gradient (SVRG)

Initialize x̃ ∈ Rd

For iepoch = 1 to # of epochs
Compute all gradients f ′i (x̃) ; store f ′(x̃) = 1

n

∑n
i=1 f ′i (x̃)

Initialize x0 = x̃
For t = 1 to length of epochs (m)

xt = xt−1 − η
[
f ′(x̃) +

(
f ′i(t)(xt−1)− f ′i(t)(x̃)

)]
Update x̃ = xt

Output: θ̃

– two gradient evaluations per inner step
– Two parameters: length of epochs + step-size γ
– Linear convergence rate, simple proof
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Key Idea: Variance reduction

Principle: reducing variance of sample of X by using a sample
from another random variable Y with known expectation

Zα = α(X − Y) + EY

EZα = αEX + (1− α)EY
var(Zα) = α2[var(X) + var(Y)− 2cov(X,Y)

]
α = 1: no bias, α < 1: potential bias (but reduced variance)
Useful if Y positively correlated with X

Application to gradient estimation ??
SVRG: X = f ′i(k)(xk−1), Y = f ′i(k)(x̃), α = 1, with θ̃ stored

EY = 1
n
∑n

i=1 f ′i (x̃) full gradient at x̃;
X − Y = f ′i(k)(xk−1)− f ′i(k)(x̃)
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SVRG: Convergence

Theorem. Let each fi ∈ C1
L be convex; f be µ-strongly convex. Let

m be such that ρ = 1
µη(1−2Lη)m + 2Lη

1−2Lη < 1, then after s epochs

E[f (x̃s)− f (x∗)] ≤ ρs[f (x̃0)− f (x∗)].

Proof. Let’s consider a proof for a simpler version where

x̃s+1 = xj
s j ∈ U(0, 1, . . . ,m− 1),

instead of using x̃s+1 = xm
s (makes analysis easier).
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SVRG: Convergence

Let gt
s := ∇fi(t)(xt

s)−∇fi(t)(x̃s) +∇f (x̃s).
As before, using strong convexity, taking suitable expectations

E[‖xt+1
s − x∗‖2] = E[‖xt

s − ηgt
s − x∗‖2]

= E[‖xt
s − x∗‖2]− 2η〈Egt

s, xt
s − x∗〉+ η2E[‖gt

s‖2]

≤ E[‖xt
s − x∗‖2]− 2η(f (xt

s)− f (x∗)) + η2E[‖gt
s‖2]

Key step: Controlling the noise term E[‖gt
s‖2]. In particular,

we want to bound it in terms of the objective function
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SVRG: Key lemma

Lemma E[‖gt
s‖2] ≤ 4L(f (xt

s)− f (x∗) + f (x̃s)− f (x∗))

Intuition: If xt
s ≈ x̃s ≈ x∗, so E[‖gt

s‖2] ≈ 0 (reduced variance possible)

Conditional on everything prior to xt+1
s , key lemma yields

E[‖xt+1
s − x∗‖2] ≤ ‖xt

s − x∗‖2 − 2η(f (xt
s)− f (x∗)) + η2E[‖gt

s‖2]

≤ ‖xt
s − x∗‖2 − 2η(f (xt

s)− f (x∗)) + 4Lη2[f (xt
s)− f (x∗) + f (x̃s)− f (x∗)]

= ‖xt
s − x∗‖2 − 2η(1− 2Lη)[f (xt

s)− f (x∗)] + 4Lη2[f (x̃s)− f (x∗)] (∗)

Since we set x̃s+1 = xj
s j ∈ U(0, 1, . . . ,m− 1) we get

2η(1− 2Lη)mE[f (x̃s+1)− f (x∗)] = 2η(1− 2Lη)
m−1∑
t=0

E[f (xt
s)− f (x∗)]
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SVRG Convergence

2η(1− 2Lη)mE[f (x̃s+1)− f (x∗)] = 2η(1− 2Lη)
m−1∑
t=0

E[f (xt
s)− f (x∗)]

≤ E[‖xm
s+1 − x∗‖2] + 2η(1− 2Lη)

m−1∑
t=0

E[f (xt
s)− f (x∗)]

≤ E[‖x0
s+1 − x∗‖2] + 4Lmη2[f (x̃s)− f (x∗)] (using (*))

= E[‖x̃s − x∗‖2] + 4Lmη2E[f (x̃s)− f (x∗)]

≤ 2
µ

E[f (x̃s)− f (x∗)] + 4Lmη2E[f (x̃s)− f (x∗)]

Consequently

E[f (x̃s+1)− f (x∗)] ≤
2
µ
+4Lmη2

2η(1−2Lη)m E[f (x̃s)− f (x∗)]

Which gives us the contraction factor ρ as desired.
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E[f (x̃s)− f (x∗)] + 4Lmη2E[f (x̃s)− f (x∗)]

Consequently

E[f (x̃s+1)− f (x∗)] ≤
2
µ
+4Lmη2

2η(1−2Lη)m E[f (x̃s)− f (x∗)]

Which gives us the contraction factor ρ as desired.
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