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Non-convex example 
(not g-convex either)

2

mailto:suvrit@mit.edu?subject=


Suvrit Sra (suvrit@mit.edu)                            6.881 Optimization for Machine Learning (4/29/21 Lecture 18) 3

Gaussian mixture models

p(x) =
X

k

⇡kGaussian(x;µk,⌃k)

Aim: Given training data x1,…,xn, estimate µk, Σk

Expectation maximization (EM): the default choice
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EM algorithmEM algorithm

Assume p(x) =
PK

j=1 ⇡jp(x; ✓j) is mixture density.

`(X ;⇥) :=
Xn

i=1
ln
⇣XK

j=1
⇡jp(xi; ✓j)

⌘
.

Use convexity of � log t to compute lower-bound

`(X ;⇥) �
X

ij
�ij ln

�
⇡jp(xi; ✓j)/�ij

�
.

E-Step: Optimize over �ij, to set them to posterior probabilities:

�ij :=
⇡jp(xi; ✓j)P
l ⇡lp(xi; ✓l)

.

M-Step: optimize the bound over ⇥, using above � values
Exercise: Derive a “stochastic” version of EM.
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Lecture 13

�ik =
⇡kN (xi|⌃k)P
j ⇡jN (xi|⌃j)

<latexit sha1_base64="P3JZvWhw+BLkVm25SblVbRpphP4="></latexit>

E-Step:

(generic step, nothing special about Gaussians used here)
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EM algorithmEM algorithm

Assume p(x) =
PK

j=1 ⇡jp(x; ✓j) is mixture density.

`(X ;⇥) :=
Xn

i=1
ln
⇣XK

j=1
⇡jp(xi; ✓j)

⌘
.

Use convexity of � log t to compute lower-bound

`(X ;⇥) �
X

ij
�ij ln

�
⇡jp(xi; ✓j)/�ij

�
.

E-Step: Optimize over �ij, to set them to posterior probabilities:

�ij :=
⇡jp(xi; ✓j)P
l ⇡lp(xi; ✓l)

.

M-Step: optimize the bound over ⇥, using above � values
Exercise: Derive a “stochastic” version of EM.
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Lecture 13

M-step: max
⌃1,...,⌃K

X

ij

�ij log
⇣
⇡jN (xi|⌃j)/�ij

⌘

<latexit sha1_base64="hC7BejKkf2Jsk9SkPH7wfu2Srw4="></latexit>

Breaks up into K “weighted” concave MLE problems that admit a 
closed-form solution, making EM for Gaussians attractive.

⌃k =
1P
i �ik

X
i
�ikxix

T
i

<latexit sha1_base64="p4qQj/VhkqNcZfnzTvygzL5fP+8="></latexit>

PSD by

construction
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Optimizing GMM log-likelihood
–  Nonconvex – difficult, possibly several local optima

–  Theory - Recent progress (Moitra, Valiant 2010; Daskalakis et al, 2017; more!)

–  In Practice – EM still default: reasons not just “beliefs”!

Key challenge: How to incorporate the positive 
definiteness constraint on Σk

LLT

Unconstrained, Cholesky
Folklore

Sd+

X

TX

⇠X

Riemannian
New

[Hosseini, Sra NIPS 2015]
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K EM Manopt

2 17s ⫽ 29.28 947s ⫽ 29.28

5 202s ⫽ 32.07 5262s ⫽ 32.07

10 2159s ⫽ 33.05 17712s ⫽ 33.03

manopt.org

d=35
n=200,000

7

Naive use of Riemannian opt. fails!

Riemannian opt. toolbox

Showing “time ⫽ negative log-likelihood (avg)”
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Revisiting 1 component MLE

log-likelihood for one component

Euclidean convex problem 
(M-step of EM uses this!)
Not geodesically convex

�n

2
log det⌃� 1

2

Xn

i=1
(xi � µ)T⌃�1(xi � µ)

Reformulate as g-convex

Thm.  The modified log-likelihood is g-convex. Local max of 
modified mixture LL is local max of original.

max
S�0

bL(S) :=
nX

i=1

log qN (yi;S),

S =


⌃+ µµT µ

µT 1

�
yi =


xi

1

�
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K EM Riemannian LBFGS

2 17s ⫽ 29.28 14s ⫽ 29.28

5 202s ⫽ 32.07 117s ⫽ 32.07

10 2159s ⫽ 33.05 658s ⫽ 33.06

9

Reaping the benefits of geometry

d=35
n=200,000

github.com/utvisionlab/mixest

Showing “time ⫽ negative log-likelihood (avg)”
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Large-scale?
Mathematical Programming
https://doi.org/10.1007/s10107-019-01381-4
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Abstract
We consider maximum likelihood estimation for Gaussian Mixture Models (Gmms).
This task is almost invariably solved (in theory and practice) via the ExpectationMax-
imization (EM) algorithm. EM owes its success to various factors, of which is its
ability to fulfill positive definiteness constraints in closed form is of key importance.
We propose an alternative to EM grounded in the Riemannian geometry of positive
definite matrices, using which we cast Gmm parameter estimation as a Riemannian
optimization problem. Surprisingly, such an out-of-the-box Riemannian formulation
completely fails and provesmuch inferior to EM.Thismotivates us to take a closer look
at the problem geometry, and derive a better formulation that is much more amenable
to Riemannian optimization. We then develop Riemannian batch and stochastic gradi-
ent algorithms that outperform EM, often substantially. We provide a non-asymptotic
convergence analysis for our stochastic method, which is also the first (to our knowl-
edge) such global analysis for Riemannian stochastic gradient. Numerous empirical
results are included to demonstrate the effectiveness of our methods.
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R-LBFGS and 
Riemannian SGD 
(without boundedness)

R. Hosseini, S. Sra

By using a specific choice of parameter ηt and using Lemma 2, we can obtain a
convergence rate result for SGD with a slight modification.

Theorem 4 Assume a slightly modified version of SGD which output a point xa by
randomly picking one of the iterates, say xt , with probability pt := (2ηt − Lη2t )/ZT ,
where ZT = ∑T

t=1(2ηt −Lη2t ). Furthermore, choose ηt = min{L−1, cσ−1T−1/2} for
a suitable constant c. Then, we obtain the following bound on E[‖∇ f (xa)‖2], which
measures the expected gap to stationarity:

E[‖∇ f (xa)‖2] ≤ 2L∆1

T
+

(
c + c−1∆1

) Lσ√
T

= O
(
1
T

)
+O

(
1√
T

)
. (23)

Proof Using the definition of xa and using Lemma 2, we immediately have

E[‖∇ f (xa)‖2] =
T∑

t=1

ptE[‖∇ f (xt )‖2] ≤ 2( f (x1) − f ∗)
ZT

+ Lσ 2
∑T

t=1 η2t
ZT

.

Using the choice of ηt in the theorem, this bound yields (23). '(

Theorem 4 uses a randomized stopping rule, a choice motivated by [17]. If one
wishes to avoid such a rule, then under a stronger assumption one can obtain the same
rate. Specifically, in the theorem below we replace conditions (ii) and (iii) with the
stronger condition (iv).

(iv) The function f has a G-bounded gradient, that is ‖∇ fi (x)‖ ≤ G for all i ∈ [n]
Under this condition, we can obtain the following convergence rate.

Theorem 5 Assume conditions (i) and (iv) hold. Then, the gradient in SGD satisfies
the following bound for a suitable choice of ηt :

1
T

T∑

t=1

E[‖∇ f (xt )‖2] ≤ 1√
T

(
f (x1) − f (x∗)

c
+ Lc

2
G2

)
. (24)

Proof The Lipschitz smoothness condition yields

E[ f (xt+1)] ≤ E[ f (xt )] + E
[
〈∇ f (xt ), −ηt∇ fit (xt )〉 + L

2 ‖ηt∇ fit (xt )‖2
]

≤ E[ f (xt )] − ηtE
[
‖∇ f (xt )‖2

]
+ Lη2t

2 G2.

Rearranging the terms above we obtain

E
[
‖∇ f (xt )‖2

]
≤ 1

ηt
E

[
f (xt ) − f (xt+1)

]
+ Lηt

2
G2.
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Empirical results: Riemannian SGD

Batch and stochastic Riemannian optimization for GMMs 21
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Fig. 3: Comparison of optimization methods on natural image data (d = 35, n = 200000).
Y-axis: best cost minus current cost values. X-axis: number of function and gradient evalu-
ations. Right: 3 number of components. Left: 7 number of components.
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Fig. 4: Comparison of optimization methods on year predict data (d = 90, n = 515345).
Y-axis: best cost minus current cost values. X-axis: number of function and gradient evalu-
ations. Right: 3 number of components. Left: 7 number of components.

It can be seen than deterministic manifold optimization methods achieve
and outperforms the EM algorithm. The manifold SGD shows remarkable
performance. This method leads to fast increase of the objective function in
early iterations.

7 Conclusions and future work

In this paper, we proposed a reformulation for the Gmm problem that can
make Riemannian manifold optimization a powerful alternative to the EM
algorithm for fitting Gaussian mixture models. The deterministic manifold
optimization methods can either match or outperform EM algorithm. Fur-
thermore, we developed a global convergence theory for SGD on manifolds.
We applied this theory to the Gmm modeling. Experimentally Riemannian
SGD for Gmm shows remarkable convergence behavior, making it a potential
candidate for large scale mixture modeling.

[Hosseini, Sra, 2017, 2019] (d=90, n=515345, k=7)
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Convergence Theory

12
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f(�xy(t)) ⌘ f((1� t)x� ty)  (1� t)f(x) + tf(y)

<latexit sha1_base64="IsAPfERO2tPhjLWwu6tKAW3uJZY="></latexit>

13

G-convex functions: key definitions

f(x) � f(y) + hrf(y),Exp�1
y (x)iy

<latexit sha1_base64="BgqOP+hUuikHdlXdQxZF6B6A7Vc="></latexit>

f(x) � f(y) + hrf(y),Exp�1
y (x)iy + µ

2 d
2(x, y)

<latexit sha1_base64="VWcsft0qUmLuS6XAOFvV+/1I9xE="></latexit>

f(x)  f(y) + hrf(y),Exp�1
y (x)iy + L

2 d
2(x, y)

<latexit sha1_base64="QbjNlLPpodMb5GQSpbpTStbuZT4="></latexit>

|f(x)� f(y)|  Lfd(x, y)

<latexit sha1_base64="xIXqRYIvpSxeWF0wPVWbU3Vk7oE="></latexit>

Lipschitz continuity
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Convergence rate: subgradient method
xt+1 = xt � ⌘tgt

1
T

X
t
f(xt)� f(x⇤)  O

⇣
1p
T

⌘

<latexit sha1_base64="IUy4xrS7bqZqkCD/SEx5Q7CNkns="></latexit>

1

1
T

XT

t=1
f(xt)� f(x⇤)  1

2T⌘ [kx1 � x⇤k2 � kxT+1 � x⇤k2] + L2
f⌘

2

<latexit sha1_base64="P69Nn0NFQGQLhwNtCRTgpIs+4Vk="></latexit>

3

4 kx1 � x⇤k  D, ⌘ = D/(Lf

p
T )

<latexit sha1_base64="Y28fAthzngrcy8Yqvch2aWa54N0="></latexit>

kxt+1 � x⇤k2 = kxt � ⌘gt � x⇤k2

= kxt � x⇤k2 � 2h⌘gt, xt � x⇤i+ ⌘2kgtk2

h�gt, x
⇤ � xti = 1

2⌘

⇥
kxt � x⇤k2 � kxt+1 � x⇤k2

⇤
+ ⌘

2kgtk
2

<latexit sha1_base64="Q3wfOmDY/EZz4A6obc9Xe9vkGfg="></latexit>

(convexity)2 f(xt)� f(x⇤)  h�gt, x
⇤ � xti

<latexit sha1_base64="bm0urPAK88Lg5BMXsk3Ft/bH5qc=">AAADW3icfVLNbhMxEHaz/JRQIC3ixMUiQmqrJtqNAumxAg5cKEUibapsiLyOd2PV9q5sb0lk7XPwNFzhGTjwLszmR0pWwEj2jL7vm92Z8USZ4Mb6/q+dmnfn7r37uw/qD/cePX7S2D+4NGmuKevTVKR6EBHDBFesb7kVbJBpRmQk2FV087bkr26ZNjxVn+08YyNJEsVjTokFaNwI4sPZ2B61wH05PsKhYHCI SsC3krE9wQDjFgZNqBdwfdxo+m1/Ydhvd/xe1z+F4FVpr3GwoppoZRfj/dpBOElpLpmyVBBjhoGf2ZEj2nIqWFEPc8MyQm9IwoYQKiKZGblFbwV+CcgEx6mGoyxeoJsZjkhj5jICpSR2aqpcCf6Vi+TWn52xkui5nlTqsfHpyHGV5ZYpuiwnzgW2KS7HiSdcM2rFHAJCNYeOMJ0STaiFoddDxb7SVEqiJi7kWTHsjByMOLbrGTeDE9zs4FDzZLqecLGddjsrXBhJNysqhBIml8DBHapUcMmtqUjOKfBl65QId179wGCTHVTZ6032umTfMXg+zT4A9jFjmthUH7uQ6EQSqHHl/yfjaikDD1u0XhX87+Cy0w667d6nbvPszWqfdtFz9AIdogD10Bl6jy5QH1H0DX1HP9DP2m/P8+re3lJa21nlPEVb5j37A3DjGgw=</latexit>
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Convergence rate: subgradient method
xt+1 = xt � ⌘tgt

1
T

X
t
f(xt)� f(x⇤)  O

⇣
1p
T

⌘

<latexit sha1_base64="IUy4xrS7bqZqkCD/SEx5Q7CNkns="></latexit>

1

1
T

XT

t=1
f(xt)� f(x⇤)  1

2T⌘ [kx1 � x⇤k2 � kxT+1 � x⇤k2] + L2
f⌘

2

<latexit sha1_base64="P69Nn0NFQGQLhwNtCRTgpIs+4Vk="></latexit>

3

4 kx1 � x⇤k  D, ⌘ = D/(Lf

p
T )

<latexit sha1_base64="Y28fAthzngrcy8Yqvch2aWa54N0="></latexit>

kxt+1 � x⇤k2 = kxt � ⌘gt � x⇤k2

= kxt � x⇤k2 � 2h⌘gt, xt � x⇤i+ ⌘2kgtk2

h�gt, x
⇤ � xti = 1

2⌘

⇥
kxt � x⇤k2 � kxt+1 � x⇤k2

⇤
+ ⌘

2kgtk
2

<latexit sha1_base64="Q3wfOmDY/EZz4A6obc9Xe9vkGfg="></latexit>

(convexity)2 f(xt)� f(x⇤)  h�gt, x
⇤ � xti

<latexit sha1_base64="bm0urPAK88Lg5BMXsk3Ft/bH5qc=">AAADW3icfVLNbhMxEHaz/JRQIC3ixMUiQmqrJtqNAumxAg5cKEUibapsiLyOd2PV9q5sb0lk7XPwNFzhGTjwLszmR0pWwEj2jL7vm92Z8USZ4Mb6/q+dmnfn7r37uw/qD/cePX7S2D+4NGmuKevTVKR6EBHDBFesb7kVbJBpRmQk2FV087bkr26ZNjxVn+08YyNJEsVjTokFaNwI4sPZ2B61wH05PsKhYHCI SsC3krE9wQDjFgZNqBdwfdxo+m1/Ydhvd/xe1z+F4FVpr3GwoppoZRfj/dpBOElpLpmyVBBjhoGf2ZEj2nIqWFEPc8MyQm9IwoYQKiKZGblFbwV+CcgEx6mGoyxeoJsZjkhj5jICpSR2aqpcCf6Vi+TWn52xkui5nlTqsfHpyHGV5ZYpuiwnzgW2KS7HiSdcM2rFHAJCNYeOMJ0STaiFoddDxb7SVEqiJi7kWTHsjByMOLbrGTeDE9zs4FDzZLqecLGddjsrXBhJNysqhBIml8DBHapUcMmtqUjOKfBl65QId179wGCTHVTZ6032umTfMXg+zT4A9jFjmthUH7uQ6EQSqHHl/yfjaikDD1u0XhX87+Cy0w667d6nbvPszWqfdtFz9AIdogD10Bl6jy5QH1H0DX1HP9DP2m/P8+re3lJa21nlPEVb5j37A3DjGgw=</latexit>
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Convergence rate: Riemannian subgrad
xt+1 = Expxt

(�⌘tgt)

<latexit sha1_base64="3xvBCDXrmD9ANtcZJf6cKCE4cJE="></latexit>

(g-convexity)2 f(xt)� f(x⇤)  h�gt,Exp
�1
xt

(x⇤)i

<latexit sha1_base64="sIx8isurnG2zWL/B5IP6XTn8I/c="></latexit>

d2(xt+1, x
⇤)2 = d2(Expxt

(�⌘gt), x
⇤)

= d2(xt, x
⇤)�??

<latexit sha1_base64="Tg2g9wPHmpt6rjU3//+8xA0eYX8="></latexit>

1

3

4 d(x1, x
⇤)  D, ⌘ = D/(Lf

p
⇣T )

<latexit sha1_base64="YWH7jH9oZdBDyhsqQCUK75mhhug="></latexit>

1
T

X
t
f(xt)� f(x⇤)  O

⇣q
⇣
T

⌘

<latexit sha1_base64="aHUd2FzZxsbdZ2U+gvEUic6pEUE="></latexit>

1
T

XT

t=1
f(xt)� f(x⇤)  1

2T⌘ [d
2(x1, x

⇤)� d2(xT+1, x
⇤)] +

L2
f⇣⌘

2

<latexit sha1_base64="WqOtrebwCB1EN4mnbHCwZYDq1jM="></latexit>
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The Euclidean law of cosines is essential to bound 
 in analysis of usual convex opt. methodsd2(xt+1, x*)

kxt+1 � x⇤k2 = kxt � x⇤k2 + ⌘2t kgtk2 � 2⌘t hgt, xt � x⇤i

a2 = b2 + c2 � 2bc cos(A)

xt+1 = xt � ⌘tgt

17
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a2  b2 + ⇣(min, b)c
2 � 2bc cos(A)

⇣(min, b) ,
p

|min|b
tanh(

p
|min|b)

There’s a corresponding inequality to bound 
 on manifolds (and related spaces)d2(xt+1, x*)

18

xt+1 = Expxt
(�⌘tgt)

<latexit sha1_base64="3xvBCDXrmD9ANtcZJf6cKCE4cJE="></latexit>

Based on  
comparison theorems 
in Riemannian Geometry
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Convergence rate: Riemannian subgrad
(Riem-subgrad)xt+1 = Expxt

(�⌘tgt)

<latexit sha1_base64="3xvBCDXrmD9ANtcZJf6cKCE4cJE="></latexit>

4 1
T

X
t
f(xt)� f(x⇤)  O

⇣q
⇣
T

⌘

<latexit sha1_base64="aHUd2FzZxsbdZ2U+gvEUic6pEUE="></latexit>

1 h�gt,Exp
�1
xt

(x⇤)  1
2⌘

⇥
d2(xt, x

⇤)� d2(xt+1, x
⇤)
⇤
+ ⇣(,d(xt,x

⇤))⌘
2 kgsk2

<latexit sha1_base64="5DPQNbJbEo2VfAI30VCYyBAyoQE="></latexit>
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(Sub)gradient

Stochastic 
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... ...
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See paper for other basic results

Rates depend on lower bounds on sectional curvature

[Zhang, Sra, COLT 2016]
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Riemannian finite-sum problems

min
x2M

f(x) :=
1

n

nX

i=1

fi(x)

[Zhang, Reddi, Sra, NIPS 2016]

•      is a Riemannian manifold 
• g-convex and g-nonconvex ‘f’ allowed
• First global complexity results for stochastic 

methods on Riemannian manifolds
• Riemannian SVRG
• Riemannian SPIDER (optimal rates)

M

[Zhang, Zhang, Sra, 2018]
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Fast stochastic optimization on Riemannian Manifolds 
Hongyi Zhang, Sashank Reddi, Suvrit Sra. 
NIPS 2016. 

R-SPIDER: A Fast Riemannian Stochastic Optimization Algorithm 
with Curvature Independent Rate 
Jingzhao Zhang, Hongyi Zhang, Suvrit Sra. 
arXiv:1811.04194

min
x2M

f(x) = E[F (x, ⇠)]
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Stochastic Optimization
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Optimal rates for g-convex still open

Open problem

krf(x)�rf(y)k2  2L(f(x)� f(y)� hrf(y), x� yi)

Proof in textbook!

Lemma: Let f be convex and L-smooth in a vector space, then

kgradf(x)� �x
ygradf(y)k2  2L(f(x)� f(y)� hrf(y),Exp�1

y (x)i)

Lemma: Let f be g-convex and Riemannian-L-smooth, then
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An Estimate Sequence for Geodesically Convex Optimization. 
Hongyi Zhang, Suvrit Sra. 
31th Annual Conference on Learning Theory (COLT'18).

Accelerated gradient

From Nesterov's Estimate Sequence to Riemannian Acceleration 
Kwangjun Ahn, Suvrit Sra 
33rd Annual Conference on Learning Theory (COLT’20)

Nesterov’s AGM Riemannnian AGM
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Accelerated gradient
From Nesterov's Estimate Sequence to Riemannian Acceleration 
Kwangjun Ahn, Suvrit Sra 
33rd Annual Conference on Learning Theory (COLT’20)

Challenge: deciding what  should be, remaining implementableξt
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Riemannian Frank-Wolfe and Stochastic Frank-Wolfe Methods 
Melanie Weber, Suvrit Sra 
arXiv:1910.04194, arXiv:1710.10770

min
x2M

f(x)

s.t. x 2 X
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Projection-free methods for constrained optimization
(involves non-convex subproblems though)

Riemannian Frank-Wolfe
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Some other works
Proximal point method for vector optimization on Hadamard manifolds 
Glaydston de C.Bento, Orizon P.Ferreira, Yuri R.L.Pereira


What do `convexities' imply on Hadamard manifolds? 
Alexandru Kristály, Chong Li, Genaro Lopez, Adriana Nicolae

Convex Analysis and Optimization in Hadamard Spaces 
Miroslav Bacak, 2014 de Gruyter Publishers

Global rates of convergence for nonconvex optimization on manifolds 
Nicolas Boumal, P-A Absil, Coralia Cartis

Averaging Stochastic Gradient Descent on Riemannian Manifolds 
Nilesh Tripuraneni, Nicolas Flammarion, Francis Bach, Michael I. Jordan

Optimization Techniques on Riemannian Manifolds 
Steven Thomas Smith

…and many others
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