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Background and Definitions

- Let P denote the space of probability densities over R%

- We will briefly use the 2-Wasserstein distance, which is a metric over P. It can be defined as

— ; 2
Wot i) =, _nf [ [I0COI

where I'(i4, 2) is a collection of maps from R% — R¢, defined as follows:

A map v(x) belongs to I'(uy, 1) if and only if “u, is the push-forward of u under v”
In other words, “if x ~ py, then (x + v(x)) ~ py”

Given any iy, U, let V#17H2 := argmin \/IEx~H1[||v(x)||§] (always attained)
Vel (u1,u2)

*note: the above definition of W, is equivalent to the standard definition only when u4, u, are
densities (i.e. no atoms)



Background and Definitions

- Given some target density m € R%, we define the Relative Entropy functional H,;: P — R¥ as

Hp (1) = j ) log( E ;)

fact: H,;(u) is minimized at u = m, with H () = 0.

Throughout this lecture, H, (-) plays the role of an “objective which we seek to minimize”



Motivating Problem

We would like to sample from the distribution 7*(x) o exp(—U(x)),

where U (x) is m-strongly convex and has L-Lipschitz gradients.

A basic algorithm is the Langevin MCMC algorithm:

Xk+1 = X — VU (xg) + /20
where &, ~ N (0,1) i.i.d

Let u;, denote the distribution of x;. Then

Ho(Ura1) < (1 —mn)Hys (uy) +n>dL?

which implies
ndL?

m

Hoe (1) < €77




Taking the continuous-time limit

The Langevin MCMC Algorithm: Guarantee:

i(k+1)n = %kn - SVU(%kn) + mfk H o (.a(k+1)77) <(1- mn)?—[n* (ﬁkn) + T]ZdLZ

where &, ~ NV (0,1).

By taking the limit of & — 0, we obtain the Langevin Diffusion:

dx, = —VU(x,)dt +2dB,

Guarantee:

d

aj{n* (.ut) < _m}[n* (.ut)




A familiar algorithm : Gradient Descent in Euclidean Space

Objective: min f (y)
y

If f(y) is m-strongly convex, it satisfies, for all y;, y»

FO2) = FOD) +(TF O, v2 = 1) + 5 Iya = 11

the above implies “gradient domination”:

1
fO)=FO) < IV DI

Gradient descent is given by
j;k+1 — j;k _ nvf(j;k)
it satisfies (assuming L-Lipschitz gradients)
f(j;k+1) _ f(j;k)
3 n2L, o \
< —2m (f(7) - FO) + 5= IF7F) = F &)

2
2

Continuous-time limit is gradient flow:
dy: = =Vf(ypdt

it satisfies

d
7 O —f7) = —2m (f) - fGM))




Comparison of the two problems

T s u(x)
Objective: min H(w) = min [ u(x)log (—) dx

T (x)

Objective: min f(x)
X

If U(x) = —logm*(x) is m-strongly convex, then

H (u) is m-geodesically-strongly convex (HWI Inequallity)

ty (x)

H(py) = H () +f VlOgn*—(x),V“z(x)>u1(x)dx + %fIIVl*Z(x)Ilﬁul(x)dx

forall uq, u, € P

f (y) is m-strongly convex

FO2) = O + (Tf G, y2 =y + 5 v, = 913

for all y;,y, € R4

H (1) is m-gradient dominant (Log-Sobolev Inequality)

2
k) py (x)dx
2

1
}[(u)—}[(n)sﬁf‘Vlogn*—(x)

f(y) is m-gradient dominant

1
fO) = fO) < IV O3

H (u) is lower bounded by W, distance (Talagrand Inequality)

:7{( _ * E 2
) —H@*) = 2 W3 (g, p2)

f(y) is lower bounded by |ly — y*|I3

FO) = fOD 2 lly =13




Langevin Diffusion vs (Euclidean) Gradient Flow

H () is m-gradient dominant (Log-Sobolev Inequality)
2

f (y) is m-gradient dominant

1 .u'(x) * 1 2
— )< — - <—||V
Hu) —H(@*) < me ‘ Vlogn*(x) 2,u(x)dx f -1 om IVF )2
Gradient Flow wrt H
] , pe (x)
%Mt(x) = div <‘th(.X)V10g i(x)>
n Gradient Flow wrt f
. dy. = —-Vf(y)dt
Sample Space Dynamics:
Gradient Flow Convergence Gradient Flow Convergence
d m G| d 5 = _IVFOIE
- () —H (@) = _f VIogn*(x) () dx 27 fO) = O = —lIVf G ll2
2

< —2m(H (up) — H ("))

<-2m (fOy) - f)




Part 1: Strong Convexity implies Gradient Dominance

H(up) = H(py) + f <Vlogﬁi€3,V”1_’”2 () ) g (x)dx + %fﬂvlﬁ—mz 51 (x)dx f2) = f1) 2AVf (1) y2 — 1) +%”}’2 — y1ll3
. 1 u(x 2 1
> G -9 <50 HVlog_n*(x) )z > fO) - O S IVFOIB
Proof: let uy = u, y, = m*, then Proof: lety; =y, y, = y*, then
H (o) — H () fOI-r6n 2
~ pO) I <(Vf,y—-y") - > lly — v~
< f <v10g—n*(x),v (x)>u(x)dx > f IV @) G < wup(@F 2,00 - ol

< fsgp <<Vlog:*(g§3)»17> —%IIvII%) p(x)dx

1 ue) ||°
S%]HVlogn*_(x) 2,u(x)dx

< ! \ 2
< IV I




Langevin Diffusion vs (Euclidean) Gradient Flow

H () is m-gradient dominant (Log-Sobolev Inequality)

J
2

f(y) is m-gradient dominant

1 u(x) \ 1 5
— ) < — <—|V
500 -3¢ < 51 | [Viog 2 FO) = F0) < 5 IVFOIB
Gradient Flow wrt H
] , pe ()
a.ut(x) = div <,th(X)V10g i( ))
X Gradient Flow wrt f
. dy, = —VU(y,)dt
Sample Space Dynamics:
Gradient Flow Convergence Gradient Flow Convergence
d .ul(x) g d *) — v/ 2
— H () —H@*) = —j Vlog u(x)dx Ef(yt)—f(y ) = =lIVf yollz
dt (0|,

< —2m(H (u) — H(x"))

<-2m(f(y) — f(¥)




Part 2: The Dynamics in Probability Space

Sample-space Dynamics

Fokker Planck Equation:

0
aﬂt(x) = div(,ut(x)VU(xt)) + Tr(VZ,ut(x))
= —div(u:(x)Vlogm*(x)) + div(u. (x) Vlog u; (x))

Gradient Flow wrt f

dy, = —=VU(y,)dt

Probability-space Dynamics

.Ut(x))

0
e () = div (ut(x)wogﬂ* &




Langevin Diffusion vs (Euclidean) Gradient Flow

H () is m-gradient dominant (Log-Sobolev Inequality)

H(w) — }((n)<—f‘Vl og——~

u(x)de

f(y) is m-gradient dominant

1
fO)—fyH =<~ IVF I3

Gradient Flow wrt H

d
— () = div (utmvmg E"%)

Sample Space Dynamics:

~

Gradient Flow wrt f

dy, = —VU(y,)dt

Gradient Flow Convergence

u(x)dx

2m(}f(ut) }f(n*))

d
= H ) — H @) = - wa

Gradient Flow Convergence

d
= [0~ f&) = ~IVf Ol
—2m (f(y) — F ()




Part 3: Evolution of the Objective

0

d

= fO) = fO)
d

- [or00.%]

(Vf ), =Vf ()
~IVfyoll3
—2m (f(ye) — f))

IA I

| e (x)
()

div (,ut (x)Vlog

)

a}[(ﬂt)
0

= af pe (x) 108Zi€3 dx

dpe(x) pe (x) d pe (x)
= f = logn*(x) dx + pp(x) T <logﬂ*(x)> dx
[ Oue pe () 0Lt
= W(x) logﬂ*(x) dx + E(x)dx

0
= %(x) log zigg dx Fr'om Part 2

oW W) -

= f (div <,ut(x)Vlogn*—(x)>> . logn*—(x) dx ot
= —f<<ut(x)Vlogf;igg>,Vlogiigg> dx
__f va\ pe (x) ? (0)d
= Ogn*(x) Zut x)dx

< —2m (H (u;) — H ("))
By Log-Sobolev Inequality

Integration by parts: for any g: RY —» R and v: R » R4
such that [|v(x)[|, decays sufficiently fast as ||x]||, = oo

fg(x)div(v(x))dx = — f(Vg(x),v(x))dx




Langevin Diffusion vs (Euclidean) Gradient Flow

H () is m-gradient dominant (Log-Sobolev Inequality)

H(w) — }((n)<—f‘Vl og——~

u(x)de

f(y) is m-gradient dominant

1
fO)—fyH =<~ IVF I3

Gradient Flow wrt H

d
— () = div (utmvmg E"%)

Sample Space Dynamics:

~

Gradient Flow wrt f

dy, = —VU(y,)dt

Gradient Flow Convergence

u(x)dx

2m(}f(ut) }f(n*))

d
= H ) — H @) = - wa

v/

Gradient Flow Convergence

d
= [0~ f&) = ~IVf Ol
—2m (f(y) — F ()




Part 4: Discretization and Iteration Complexity

Langevin MCMC

gl = gk —pru(xF) + 28k

Can be re-written as a continuous-time stochastic process:
d%, = —VU (%, )dt + V2dB, fort € [kn, (k + 1)n)

Again by Fokker Planck, for t € [kn, (k + 1)n):

%ﬁt(x) = div (%:0) (V10g 7 (x) + VU ()

= div (Mt(x) (v log E %)) + div (ﬁt(x) (VU()?kn) - VU(JZ)))

j'[(ﬁ(kﬂ )n) - j'[(nﬂkn)

(k+1)n ~
= fk div (ﬂt(x) <Vlog :;igg)) %
n (e L) .Ut( )
+Ln div (ut(x) (VU(xkn) VU (%) )
(eri)y fie (%) B v
kan —||Vlogni < 2+L‘Vlogi— —xkn”2 dt

Gradient Descent

FeHt = gk — U f(5%)

Can be re-written as a continuous-time process:

Ay, = —Vf (Jiy )dt for t € [kn, (k + 1n)
= V£ G + (VG0 = Y ()

Then

f(f’(k+1)n) - f(f’kn)

(k+1)n d
=.[k Vf(}’t)»a}’t dt

n

(k+1)n
- fk VGO, ~VF ) de

n

(k+1)n
4 fk (VEGO VG — Vf iy )) dt

n

(k+1)n
<[ =IO + LIVFGONL 5 - Tl
kn

2
< -V G + - I/ )1




Part 4: Discretization and Iteration Complexity

}[(ﬁ(kﬂ )n) - }[(ﬁkn)

_ f e f dw(ut(x) (vmg“ ti"g)) e %d dt
fk(kﬂ)nfdw ut(x) (VU(xk,,) VU (%) ) ”t( )
(et
ka,, (,[+1)n| ut( )
+Lfk f”Vlo f;tixg

(k+1)n
< ——f f“Vl Mt
kn

(k+1)n
+?.[ J.”x —J?kn”Z i (x)dx dt
kn

ddt

i (x)dx dt

||x — ’?knllz i (x)dx dt

ddt

2 r(k+1)n ~ 2 12 (k+1)n ~ ~ 2
7 n b = 2, meCoreae = LR AL

= o(L*n?*d)

Gradient Descent

e+t = g —qrf(5%)

Can be re-written as a continuous-time process:

Ay, = —Vf (Jiy )dt for t € [kn, (k + 1n)
= V£ G + (VG0 = Y ()

Then

f(f’(k+1)n) - f(f’kn)

(k+1)n d
=.[k Vf(}’t)»a}’t dt

n

(k+1)n
- fk VGO, ~VF ) de

n

(k+1)n
4 fk (VEGO VG — Vf iy )) dt

n

(k+1)n
<[ =IO + LIVFGONL 5 - Tl
kn

2
< -V G + - I/ )1
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